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PREFACE 

This  Memorandum  Is  a  continuation  of  RAND  research  in  the  area  of 
preferred  maintenance  policies.  Previous  RAND  work  on  optimal  replace¬ 
ment  ani-*lnspection  policies  has  been  concerned  primarily  with  demon¬ 
strating  the  optimality  of  policies  possessing  an  opportunistic 
structure,  developing  methods  for  computing  the  best  values  of  the 
critical  nmbers  associated  with  various  policies,  and  applying  these 
policies  to  Air  Force  maintenance  problems.  This  research  has  been 
reported  in  a  series  of  Memoranda  which  includes:  M.  Kamins,  Deter¬ 
mining  Checkout  Intervals  for  Systems  Subject  to  Randcm  Failures. 
Memorandum  RM-2578,  June,  I96O;  D.  W.  Jorgenson  and  J.  J.  McCall, 
Optimal  Replacement  Policies  for  a  Ballistic  Missile,  Memorandum 
RM-3IOI-PR,  May,  1962;  and  R.  Radner  and  D.  W.  Jorgenson,  Opportvinls- 
tlc  Replacement  of  a  Single  Part  in  the  Presence  of  Several  Monitored 
Parts,  Memorandum  RM-3057-PR>  November,  I962. 

The  purpose  of  this  Memorandum  is  to  provide  a  method  that  in¬ 
ventory'  and  maintenance  managers  may  use  to  predict  the  effects  of 
different  maintenance  policies.  As  an  example  the  opportunistic 
replacement  policy  described  in  RM-3IOI-PR  is  applied  to  a  hypothe¬ 
tical  ballistic  missile. 

The  results  of  this  Memorandum  will  be  included  in  a  forthcoming 
Report  which  will  summarize  RAND  research  on  opportunistic  maintenance 


policies. 
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SUMMARY 


This  Memorandum  calculates  some  of  the  support  requirements  for 
several  opportunistic  replacement  and  Inspection  policies.  Support 
requirements  like  these  are  quite  important  since  they  constitute 
the  basic  and  relatively  \inexplored  link  between  maintenance  policies 
and  inventory  policies. 

An  opportunistic  replacement  policy  makes  the  replacement  of  a 
single  uninspected  part  conditional  on  the  state  (good  or  failed)  of 
one  or  more  continuously  inspected  (monitored)  parts.  An  opportunis¬ 
tic  inspection  policy  makes  the  inspection  of  a  non-monitored  part 
conditional  on  the  state  (good  or  failed)  of  a  monitored  part. 

Some  of  the  important  support  requirements  of  these  policies 
examined  in  this  Memorandum  are:  the  expected  number  (per  imit  time) 
of  opportunistic  (joint)  replacements  of  the  uninspected  part  and 
one  of  the  monitored  parts;  the  expected  number  (per  unit  time)  of 
planned  replacements  of  the  vininspected  part;  the  probability  of  a 
certain  number  of  failxures  of  a  monitored  part  in  a  specified  inter¬ 
val  of  time;  the  expected  number  (per  unit  time)  of  opportunistic 
inspections  --  inspections  of  the  non-monitored  part  which  are  trig¬ 
gered  by  failures  of  the  monitored  part;  and  the  expected  number 
(per  unit  time)  of  planned  inspections  of  the  non-monitored  part. 

As  an  example  the  opportunistic  replacement  policy  is  applied  to  the 
rocket  engines  of  a  hypothetical  ballistic  missile.  Several  support 
requirements  are  then  computed  and  the  sensitivity  of  these  support 
requirements  to  changes  in  the  rocket  engine  failure  rate  is  exhibited. 
This  illustrative  analysis  indicates  that  both  the  expected  number 


(per  unit  time)  of  opportunistic  (joint)  replacements  of  the  rocket 
engines  aid  re-entry  vehicle  Euid  the  expected  nuzuber  (per  unit  time) 
of  replacements  of  the  rocket  engines  due  to  mEudatory  replacement 
are  highly  sensitive  to  changes  in  the  rocket  engine  failure  rate. 

On  the  other  hand,  the  expected  number  (per  unit  time)  of  opportunis¬ 
tic  (joint)  replacements  of  the  rocket  engines  and  the  guidance 
and  control  system  is  relatively  unaffected  by  changes  in  the  engine 
failure  rate. 
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I.  IMTRODUCTION 

Previous  RAND  work  on  optimal  replacement  and  Inspection  policies 
has  been  primarily  concerned  with  demonstrating  the  optimality  of 
policies  possessing  an  opportvinlstlc  structure, developing 
methods  for  computing  the  best  values  of  the  critical  numbers  associa¬ 
ted  with  various  policies, and  applying  these  policies  to 
Air  Force  maintenance  problems. 6-8)  ptirpose  of  this 

Memorandum  is  to  investigate  the  support  requirements  for  the  oppor¬ 
tunistic  replacement  and  inspection  policies. 

An  opportunistic  replacement  policy  makes  the  replacement  of  a 
single  xininspected  part  conditional  on  the  state  (good  or  failed) 
of  one  or  more  continuously  inspected  (monitored)  parts.  The  policy 
is  effective  whenever  it  is  less  costly  to  replace  the  uninspected 
part  and  one  of  the  monitored  parts  together  rather  than  replacing 
each  separately.  When  such  economies  of  scale  are  present,  three 
different  replacement  actions  will  be  observed:  replacement  of  the 
uninspected  part  by  itself  (planned  replacement),  the  Joint  (oppor¬ 
tunistic)  replacement  of  one  of  the  monitored  parts  and  the  uninspected 
part,  and  replacement  of  one  of  the  monitored  parts  by  itself. 

The  monitored  parts  are  assumed  to  fail  exponentially  and  are 
replaced  only  at  the  time  of  failure.  The  uninspected  part  fails 
according  to  an  arbitrary  probability  distribution.  All  replacements 
are  assumed  to  be  instantaneous.  Some  of  the  important  support 
requirements  of  this  policy  are:  the  expected  number  (per  \mlt  time) 
of  opport\inistic  replacements  of  the  uninspected  part  and  one  of  the 
monitored  parts,  the  expected  number  (per  unit  time)  of  planned 
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replacements  of  the  uninspected  part,  the  expected  number  (per  unit 
time)  of  replacements  of  each  of  the  monitored  psurts,  and  the  probab¬ 
ility  of  at  least  m  failures  of  a  monitored  part  in  the  Interval  [0,t]. 

An  opportvinlstic  inspection  policy  makes  the  inspection  of  a 

non-monitored  part  conditional  on  the  state  of  a  monitored  one.  The 

policy  is  effective  vhenever  it  is  less  costly  to  replace  both  parts 

* 

together  rather  than  replacing  each  separately.  Both  parts  are  assumed 
to  fail  exponentially.  Some  of  the  important  support  requirements 
(each  measured  per  unit  time)  of  this  policy  are:  the  expected  ntunber 
of  opportunistic  Inspections  —  inspections  of  the  unmonitored  part 
which  are  triggered  by  failures  of  the  monitored  part;  the  expected 
niomber  of  planned  inspections  —  inspections  of  the  non-monitored 
part  due  to  the  passage  of  a  critical  amount  of  time;  the  expected 
nimber  of  opportvinlstic  replacements;  and  the  expected  number  of 
planned  replacements. 

Support  requirements  for  such  maintenance  policies  are  precisely 
the  information  needed  to  establish  a  suitable  supply  policy.  Indeed, 
support  requirements  of  this  kind  constitute  the  basic  and  relatively 
unexplored  link  between  maintenance  policies  and  inventory  policies. 

Support  requirements  are  examined  in  Sec.  II  for  a  simple 
opportunistic  replacement  policy  —  the  optimal  replacement  of  an 
uninspected  part  in  the  presence  of  a  single  inspected  part.  Similar 
support  requirements  are  derived  in  Sec.  Ill  for  a  simple  opportunis¬ 
tic  inspection  policy.  Section  IV  investigates  support  requirements 
for  the  general  opportunistic  replacement  policy  --  the  optimal 

* 

The  exact  values  of  the  policy  parameters  will  also  depend  on 
the  cost  of  inspection. 
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replacement  policy  for  an  uninspected  part  in  the  presence  of  a 
finite  number  of  inspected  parts.  Section  V  presents  a  numerical 
example  and  Sec.  VI  offers  some  concluding  remarks. 
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II.  SUPPORT  REQUIREMEHTS  FOR  THE  (n.  N) 
OPPORTUNISTIC  REPLACIMENT  POLICY 


PRELIMINARIES 


The  optimal  replacement  of  a  single  uninspected  part,  part  0,  In 
the  presence  of  a  single  inspected  peurt,  part  1,  gives  rise  to  an 
opportunistic  replacement  policy  characterized  by  two  critical  numbers, 
n  and  N,  such  that: 

(1)  If  part  1  falls  in  the  interveO.  0  s  t  <  n,  replace  part  1 
by  itself; 

(2)  If  part  1  fails  in  the  interval  n  s  t  <  N,  replace  part  0 
and  part  1  together; 

(3)  If  part  0  has  not  been  replaced  in  the  interval  0  s  t  s  N, 
replace  part  0  by  itself  at  t  =  N: 

where  t  is  the  age  (since  last  replacement)  of  part  0. 

The  tlme-to-fallure  of  part  0  is  a  random  variable  with  an  arbi¬ 
trary  probability  distribution.  Part  1  is  assumed  to  fail  exponen¬ 
tially  with  failure  rate  This  description  implies  that  the  time 

V  until  the  first  replacement  of  part  0  is  a  random  variable  with  a 
probability  density  function: 


(1) 


f(V) 


(  -X,(V-n) 

^  ,  n  s  V  <  N 

-X,(N-n) 

<  e  ,  V  =  N 


^  0^  elsewhere. 


The  following  support  requirements  will  be  calculated: 

R  ) 

^  =  expected  number  (per  unit  time)  of  replacements 

t  of  part  1; 


See  Ref.  1. 


f 
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Pj^(m,  t)  =  probability  of  at  leeust  m  failures  of  part  1  in 
the  interval  [0,  t]; 

^^^01^  =  expected  number  (per  unit  time)  of  opportunistic 

t  (joint)  replacements  of  part  0  and  part  1; 


'^(■>00) 


=  expected  number  (per  unit  time)  of  planned  replace¬ 
ments  of  part  0  (replacement  of  part  0  by  itself); 

=  expected  number  (per  unit  time)  of  replacements 
of  part  0. 


Notice  that : 


t  ”  t  t  ‘ 

REPLACEMENTS  OF  THE  INSPECTED  PART 

E(R^) 

The  assumption  of  exponentiallty  implies  that  — —  ,  the 
expected  number  (per  unit  time)  of  replacements  of  part  1  is  given  by: 


(3) 


By  the  same  assumption  Pj^(m,  t),  the  probability  of  at  least  m 
replacements  in  the  Interval  [O,  t]  can  be  expressed  as: 


w 


P^(m,  t) 


e 


“^2_t  (\^t) 

TT" 


* 

J 


REPLACEMENTS  OF  THE  UNINSPECTED  PART 

The  replacement  of  part  0  is  clearly  a  renewal,  process  and  hence 
all  of  the  re  splits  of  renewal  theory  are  at  our  command.  However, 
only  the  simplest  result  is  required  —  the  elementary  renewal 
theorem. By  means  of  this  theorem  it  can  be  shown  that 

*See  p.  130  of  Ref.  9  or  pp.  401-402  of  Ref.  10. 
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(9) 


and 


^ -X.(N-n)  ' 
n^-^d-e  ^  ) 


the  expected  nimber  (per  unit  time)  of  pleuined  replace¬ 


ments  of  part  0  is: 


(10) 


^ -X,(N-n)  • 

(1-e  ^  ) 

^1 


The  calculation  of  the  expected  number  of  replacements  of  part  0 
(planned  or  opportunistic)  in  the  finite  interveO.  [0,  t]  and  the 
corresponding  probability  distributions  involve  the  inversion  of 
non-standard  La  Place  transforms.  For  example,  the  La  Place  trans- 
form  of  )>  “the  expected  number  of  replacements  of  part  0  in 

the  interval  [O,  t]  is  given  by: 


(11) 


L(s)  = 


Stranger  transforms  appear  when  one  attempts  to  calculate  the  prob¬ 
ability  of  at  least  m  replacements  of  part  0  in  the  interval  [O,  t] . 


See  Appendix  for  a  more  rigorous  derivation. 

** 

However,  these  support  requirements  have  been  calculated  for 
n  =  0.  See  Ref.  9* 
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III.  SUPPORT  REQUIRIMENTS  FOR  THE  (n,  N) 

OPPORTUNISTIC  INSPECTION  POLICY 

PRELIMINARIES 

The  optimal  Inspection  of  a  single  part,  part  0,  in  the  presence 
of  a  monitored  part,  part  1,  also  gives  rise  to  an  opportunistic  poli¬ 
cy  characterized  by  two  crlticeJ.  numbers,  n  and  N,  such  that: 

(1)  If  part  1  falls  in  the  interval,  0  s  t  <  n,  replace  part  1 
by  itself. 

(2)  If  part  1  fails  in  the  interval,  n  s  t  <  N,  inspect  part  0; 
if  part  0  has  not  failed  replace  part  1  by  itself;  if  part  0 
has  failed  replace  both  parts. 

(3)  If  part  0  has  not  been  Inspected  in  the  interval  0  s  t  £  H 
Inspect  part  0  at  t  =  N  and  replace  it  if  it  has  failed.* 

The  age  (since  last  inspection)  of  part  0  is  denoted  by  t. 

Both  parts  are  ass\mied  to  fail  exponentially  with  failure  rates 
Xq  and  respectively.  This  description  implies  that  V,  the  time 
until  the  first  inspection  of  part  0,  is  a  random  variable  with  a 
probability  density  function; 


(12) 


f(V)  =  < 


X^  e  ,  n  s  V  <  N 

-X,(N-n) 

e  ,  V  =  N 


0,  elsewhere  . 


The  probability  that  an  inspection  will  not  induce  a  fall\ire  in  a 
good  part  is  denoted  by  a. 

The  following  support  requirements  will  be  calciilated: 

e(i  } 

0-  =  expected  number  (per  unit  time)  of  inspections  of 

t  part  0. 


TT 


See  Ref.  1. 
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expected  ntimber  (per  unit  time)  of  opportunistic 
insiJections  of  part  0,  that  is,  inspections  which  have 
been  provoked  by  a  failure  of  part  1. 

expected  number  (per  unit  time)  of  planned  inspections 
of  part  0,  that  is,  inspections  which  occur  because 
part  0  has  reached  the  critical  age,  N. 

expected  nxmber  (per  unit  time)  of  opportunistic 
replacements  of  part  0. 


expected  number  (per  unit  time)  of  planned  replacements 
of  part  0. 


INSPECTIONS  OF  THE  NON-MONITORED  PART 

The  non-monitored  part,  part  0,  is  assumed  to  fail  exponentially, 
and  is  replaced  whenever  a  failure  is  observed.  Consequently,  in¬ 
spections  of  part  0  constitute  a  renewal  process  and  the  calculation 
of  these  support  requirements  entails  essentially  the  same  argument 
as  in  Sec.  II.  Hence,  for  large  values  of  t. 


t 

t 

E(Roi)  = 

t 

t 


(13) 


(li^) 


and 
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IV.  SUPPORT  REQUIREMENTS  FOR  THE 
GENERAL  OPPORTUNISTIC  REPLACTMENT  POLICY 

PRELIMINARIES 

The  optimal  replacement  of  a  single  uninspected  part,  pan;  0,  In 
the  presence  of  a  finite  number  of  Inspected  parts,  part  1,  part  2, 
part  I,  gives  rise  to  an  opportunistic  policy  characterized  by 
the  following  decision  rule  with  I+l  critical  numbers,  n^,  Ug, 

N: 

(1)  If  part  1,  i  =  1,  2,  I,  fails  in  the  Interval, 

0  s  t  s  n^,  replace  pEurt  i  only; 

(2)  If  part  1  falls  in  the  interval,  n^^  s  t  <  N,  replace  part  i 
and  part  0  together; 

(3)  If  part  0  has  not  been  replaced  in  the  interval  0  s  t  s  N, 
replace  part  0  by  itself  at  t  =  N, 

where  t  is  the  age  (since  last  replacement)  of  part  0. 

Each  of  the  inspected  parts  is  assumed  to  fail  exponentially 

with  failure  rate  ,  i  =  1,  2,  I.  The  time-to-fail\ire  of  the 

uninspected  part  is  a  random  variable  with  an  arbitrary  probability 

density  function.  This  description  implies  that  V,  the  time  until 

the  first  replacement  of  part  0  is  a  random  variable  with  probability 

density  function: 

* 

See  Ref.  2. 
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(19) 


p(V)  =  i 


0, 


0  «  V  < 


“l 


s  V  <  Hg 


V  =  N 


elsevhere , 


where  0  s  n2  ....,  s  ^>1  s  £  N. 

The  following  support  requirements  will  be  investigated: 

^^^i^  =  expected  number  (per  \mit  time)  of  replacements  of 

t  part  i,  i  =  1,  2,  ...,  I. 

P.(m,  t)  =  probability  of  at  least  m  failures  of  part  i  in  the 
interval  [0,  t]. 

^^^01 ^  =  expected  number  (per  unit  time)  of  opportunistic 

t  (joint)  replacements  of  part  0  and  part  i. 

E  f  R  ^ 

^  00'  =  expected  number  (per  unit  time)  of  planned  replace- 

t  ments  of  part  0  (replacement  of  part  0  by  itself). 


E(Bo.) 


=  expected  number  (per  unit  time)  of  replacements 
(planned  plus  opportunistic)  of  part  0. 


Notice  that  this  last  expected  value  can  be  expressed: 


(20) 
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REPLACIMEMT  OF  THE  INSPECTED  PARTS 

The  time -to-f allure  for  each  of  the  inspected  parts  is  a  random 

variable  with  an  exponential  probability  density  function.  This 
E(R^) 

implies  that  — ^ —  ,  the  expected  number  (per  unit  time)  of  replace¬ 
ments  of  part  1,  is  given  by: 

E(R.) 

(21)  — ^  i  =  1,  2,  I. 

The  assxmption  of  exponent iality  also  implies  that  Pj^(m,  t), 
the  probability  of  at  least  m  replacements  of  part  i  in  the  interval 
[0,  t],  is  given  by: 


»  -X.t  (X.t)*^  * 
(22)  P  (m,  t)  =  e  — ^  . 

4  — v*» 


REPLACEMERTS  OF  THE  UNINSPECTED  PART 

The  calculation  of  the  support  requirements  for  part  0  is 

easily  accomplished  by  means  of  the  elementary  renewal  theorem. 

E(Ro, ) 

Using  this  theorem  it  can  be  shown  that  — ^ -  ,  the  expected  number 

(per  unit  time)  of  replacements  of  part  0  is  asymptotically  equal  to 
the  reciprocal  of  the  expected  value  of  V,  the  time  to  the  first 
replacement  of  part  0.  Symbolically, 


(23) 


lim 


E(Ro.) 


-1 

p. 


where 


* 


See  p.  130  of  Ref.  9» 


and  pp.  401-402  of  Ref.  10. 
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(24)  n  =  E(V)  = 


n,  ♦  L  ^  )  • 


& 


0 


) 


Therefore,  for  large  values  of  t, 


E(R  )  ~  , 

(25)  ■  V'Q-  -  = 


This  e^^cted  value  can  be  partitioned  into  the  expected  number  of 
planned  replacements  per  vinit  time  and  the  expected  number  of  oppor¬ 
tunistic  replacements  per  \anit  time.  By  the  law  of  large  numbers, 
the  fraction  of  the  total  number  of  replacements  of  part  0  that  are 
planned  is  for  large  t  approximately  equal  to  p,  the  probability  that 
starting  with  a  new  part  0,  this  part  will  not  be  replaced  in  the 
interval  [0,  N].  This  probability  is  equal  to: 


(26) 


■Y,  X.(N-n  ) 
i=l  ^  ^ 


It  follows  that  in  the  long  run 


,  the  expected  number 


(per  unit  time)  of  planned  replacements  of  part  0  is  given  by: 


(27) 


Similarly,  in  the  long  run 


-1** 


See  Ref.  2. 
** 


For  a  more  rigorous  proof  see  Appendix. 
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Summlng  this  expression  over  1  =  1,  2,  I  yields  the  probab¬ 

ility  that  steu^tlng  vlth  a  new  part  0,  an  opportvinlstlc  replacement 
will  eventually  occur.  That  is,  part  0  will  be  replaced  Jointly 
with  one  of  the  Inspected  parts.  Symbolically, 


(31) 


E(Roi) 

In  the  long  run,  — -  ,  the  expected  number  (per  unit  time) 

of  opportiinlstlc  replacements  of  part  0  and  part  1  Is  given  by: 


(32) 


=  <1, 


oi 


* 

-1 


As  before,  calcxilatlon  of  the  expected  number  of  replacements  of 
part  0  (opportunistic  or  planned)  in  the  finite  intervEd.,  [0,  t]  and 
calculation  of  the  corresponding  probability  distributions  both  re¬ 
quire  the  Inversion  of  unfamiliar  La  Place  transforms. 


See  Appendix. 
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V.  A  NUMERICAL  EXAMPLE 

For  Illustrative  purposes,  several  support  requirements  will 

be  computed  for  the  hypothetical  missile  discussed  in  a  previous 
(7) 

paper.  The  ballistic  missile  was  composed  of  one  uninspected 
part,  the  rocket  engines,  and  three  parts  which  are  continuously 
inspected:  the  nozzle  control  units,  the  guidance  and  control  sys¬ 
tem,  and  the  re-entry  vehicle.  All  parts  were  assumed  to  fail  expo¬ 
nentially  with  respective  failure  rates  1^,  and  \y  The 

costs  measured  in  equivalent  missile  downtime,  of  replacing  each  of 
the  parts  separately  are  Kq,  K^,  K^,  and  K^,  respectively.  Similarly, 
the  costs  of  replacing  pairs  of  parts  (opportunistic  replacements)  are 
K.  .(i,  J  =  0,  1,  2,  3i  i  H  j)»  The  structure  of  the  missile  is  such 
that  the  rocket  engines  and  nozzle  control  units  can  only  be  replaced 
together,  that  is,  Each  of  the  inspected  parts  is 

replaced  at  failure.  The  opportunistic  replacement  policy  for  the 
uninspected  part  is  characterized  by  the  following  decision  rule : 

(1)  Replace  rocket  engines  whenever  nozzle  control  units  fail, 

(2)  Replace  rocket  engines  if  guidance  and  control  system 
fails  when  Ug  s  t  s  N, 

(3)  Replace  rocket  engines  if  re-entry  vehicle  falls  when 
n^  s  t  s  N, 

(4)  Replace  rocket  engines  at  t  =  N, 

where  t  is  the  age  (since  last  replacement)  of  the  rocket  engines. 


The  critical  numbers  n^,  and  N  are  calculated  to  maximize 

missile  readiness.  These  critical  numbers  vere  calculated  for  the 

w 

following  set  of  data: 

Ko  =  ^l  =  Sl .  Todays 

Kg .  57  days 


K, 


K 


02 


K 


03 


.  8  days 

.  8l  days 

.  76  days 

0022  failures/day 
OOU8  fall\ires/day 
OOkk  failures/day. 


Figure  1  displays  optimal  values  of  the  critical  n’jmbers  as  a 
function  of  the  rocket  engine  fail\ire  rate.  For  example,  when 
Xq  -  *01  failures/day  the  optimal  values  of  the  critical  numbers  are: 

ng  . . .  16  days 

n^  . . .  7^  days 

K  ...  109  days . 

The  implementation  of  this  opportunistic  replacement  policy 
gives  rise  to  a  stochastic  process  with  two  distinct  sets  of  support 
requirements.  Those  in  the  first  set  are  independent  of  the  rocket 


engine  failure  rate.  These  include 


ECRg) 


,  the  expected  number 


of  replacements  of  the  guidance  and  control  system  per  unit  time. 


These  data  were  obtained  from  a  table  of  random  nxombers.  It 
was  assumed  that  the  downtime  associated  with  any  replacement  action 
would  lie  between  zero  and  one  hundred  days  and  also  that  the  mean 
time  to  failvire  for  each  part  would  lie  between  zero  and  one  thousand 
days. 


Rocket 


2000 


J,  1200 


c  1000 


Expected  replacements  per  doy 
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Fig.  2 —  Several  support  requirements  as  a  function 
of  the  rocket  engine  failure  rate 


I 


eCR.) 

— ,  the  expected  number  of  replacements  of  the  re-entry  vehicle 

E(Roi) 

per  unit  time  and - r —  ,  the  expected  number  of  replacements  of  the 

rocket  engines  per  vuiit  time  due  to  a  failure  of  the  nozzle  control 
units.  The  values  of  these  support  requirements  in  this  example  are: 


E(R2) 

— ^ — . 00U8  replacement  s/day 


E(RJ 


.00^4-4  replacement  s/day 


E(R  ,  ) 

— r . . 0022  replacement  s/day 

Xi 


The  support  requirements  in  the  second  set  are  dependent  on 

E(Ro2) 

the  rocket  engine  failure  rate.  These  include  — ^ - ,  the  expected 

number  of  opportunistic  replacements  of  the  rocket  engines  and  guid- 

E(B  ) 

ance  and  control  system  per  unit  time,  — ^  ,  the  expected  number 

of  opportunistic  replacements  of  the  rocket  engines  and  re-entry 

vehicle  per  unit  time  and  — 7 -  ,  the  e:q)ected  number  ^per  unit  time; 

of  replacements  of  the  rocket  engines  as  a  result  of  the  rocket 
engines  achieving  the  critical  age,  N. 

Figure  2  illustrates  the  sensitivity  of  these  support  require¬ 
ments  to  changes  in  the  rocket  engine  failure  rate.  For  example 
vhen  the  rocket  engine  failure  rate  increases  from  .001  failxires  per 
day  to  .01  failures  per  day  the  values  of  these  support  requirements 


increase  from 


e(r„2) 


.005  replacements/day 


E(Ro,)  _7 

—  .  6  X  10  replacements/day 


t 
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to 


^(«oo) 

t 

t 


E(Ro3) 


-8 

2  X  10“  replacements/day 
.003^  replacements/day 
.001  replacements/day 
•005^  replacements/day 


This  indicates  that  both  the  expected  nvimber  (per  unit  time)  of 
opportvinistic  replacements  of  the  rocket  engines  and  re-entry  vehicle 
and  the  expected  number  (per' unit  time)  of  replacements  of  the  rocket 
engines  due  to  mandatory  replacement  are  highly  sensitive  to  changes 
in  the  rocket  engine  failure  rate.  On  the  other  hand,  the  expected 
number  (per  unit  time)  of  opportunistic  replacements  of  the  rocket 
engines  and  the  guidance  and  control  system  is  relatively  unaffected 
by  changes  in  the  engine  failxare  rate. 
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VI.  CONCLUSION 

In  this  Memorandum  several  support  requirements  have  been  ob¬ 
tained  for  opportunistic  replacement  and  inspection  policies.  Support 
requirements  of  this  kind  are  quite  important  since  they  constitute 
the  basic  link  between  maintenance  policies  and  inventory  policies. 
Nevertheless  as  far  as  we  know  these  support  requirements  have  been 
relatively  unexplored. 

Whenever  a  regime  of  opportunistic  maintenance  is  implemented, 
these  measures  should  be  useful  for  both  inventory  and  maintenance 
management.  The  inventory  manager  can  use  this  information  to  improve 
his  stockage  policies.  The  maintenance  manager  can  also  turn  to  these 
support  requirements  for  guidance  in  his  efforts  to  predict  the  rela¬ 
tive  frequencies  of  various  maintenance  actions.  Procurement  of 
specialized  equipment  and  maintenance  skills  will  of  course  be  condi¬ 
tioned  by  his  estimates  of  these  relative  frequencies. 
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APPEHDIX 

Equations  (27)  and  (32)  can  be  obtained  by  examining  the  sub¬ 
sidiary  renewal  process  ^  2,  I;  J  =  1,  2, 

where 

^  * 

1,  If  the  replacement  of  part  0 
Is  done  Jointly  with  part  1. 


^  0,  otherwise. 

The  expected  value  of  this  reuidom  variable  Is  simply  the  prob¬ 
ability  of  an  opportunistic  replacement  of  paxt  0  and  part  1,  that  Is, 

(1)  K(Ulj)  - 

Let  ECRQj^(t)]  and  E[Rq  (t)]  be,  respectively,  the  expected  number 
of  opportunistic  replacements  of  part  0  and  part  1  In  the  Interval 
[O,  t]  and  the  expected  number  of  replacements  (opportunistic  or 
planned)  In  the  Interval  [O,  t].  The  expected  value,  E[RQ^(t)],  Is 
bounded  by: 

(2)  E(U^j)(E[Rq  (t)]+l)  -  1  s  E[RQ^(t)]  S  E(U^j)(E[RQ_(t)]  +  l)"? 

(13) 

These  bounds  are  a  consequence  of  the  following  result  from 
sequential  analysis, 

(3)  •••  (tVl)  ■  K(Uij)(ECEo.(t)>l)  . 

See  Eqn.  (30). 


See  p.  75  of  Ref.  12. 
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We  wish  to  shov  that 


(4) 


lim  „  -1* 

t-^  t  "  Sdi  ^ 


By  Eq.  2  ve  know  that: 


(5) 


E(U,,)(E[R^  (t)+l)-l  E[RQ^(t)]  E{U,,)(E[R^  (t)>l) 


ii; 


and  by  the  elementary  renewal  theorem. 


(11) 


lim  _1 

t-«  t  =  > 


from  which  Eq.  U  follows  immediately. 


See  Eq.  24. 
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